Abstract -Leaching occurs in metals recovery, in contaminated soil washing, and in many natural processes, such as fertilizer dissolution and rock weathering. This paper presents a model developed to simulate the transient evolution of the dissolved chemical species in the heap and column isothermal leaching processes. In this model, the solid bed is numerically divided into plane layers; the recovery of the chemical species, the enrichment of the pregnant leach solution, and the residual concentration of the leaching agent are calculated by interactions among the layers. The solution flow in the solid bed is assumed as unidirectional without dispersion, and the solid-fluid reaction is described by a diffusive control model that is integrated analytically for each time step. The data set used in the model include physical-chemical, geometrical, and operational variables, such as: leachable chemical species content, leaching agent flow rate and concentration, particles size distribution, solution residence time in the solid bed, and solid bed length, weight and irrigated area. The results for two case studies, namely, an industrial gold heap leaching and a pilot column copper acid leaching, showed that the model successful predict the general features of the process time evolution.
INTRODUCTION
Industrial processes based in the selective dissolution of chemical species have been used for many years as an effective method to recovery metals such as gold, silver, copper, zinc, nickel, cobalt, and uranium, and salts as potassium nitrate from ores and concentrates. Leaching processes have also been used in a broad class of remediation techniques, generally called soil washing, used to clean up soils and other solids contaminated by inorganic and organic compounds; fertilizer dissolution in soils, acid mine drainage in sulphidic mineral waste, heavy metals dissolution from metallurgical slags and mineral or concrete weathering are other processes where leaching occurs.
In industrial applications, the leaching process can take place in tanks, vats, heaps, dumps or columns. In conventional heap leaching process, the solid particles (crashed ore or aggregated mineral concentrate) are disposed on a sloped impervious surface, and on the top a leaching solution (sulfuric or hydrochloric acid, cyanide, or water) is sprayed or trickled to gradually percolate the solid bed down to the impervious base where the pregnant solution is drained and sent to a recovery step (by precipitation or by adsorption on activated carbon). Similarly, in the column leaching process, the solid particles are carefully disposed inside a cylindrical column and on the top a leaching solution is trickled to gradually percolate the solid bed to the bottom where the pregnant solution is directed to the recovery step. In order to evaluate the leaching behavior of a material, experiments in batch, small column or small heap are often performed and the results are extrapolate by using rule of thumb to represent the industrial heaps or dumps. These tests provide information about the leaching agent consumption, the maximum recovery of the chemical species, and the rate of recovery; however, the scale-up to industrial heaps or large columns are not directly possible due to the difficult to reproduce the physical characteristics; moreover, these experiments are time and cost demanding, which stimulated the development of mathematical models, particularly to describe the acid leaching of oxidized and sulfide copper ores, the gold cyanidation, the sulphidic oxidation in overburden dumps, and the laterite acid leaching.
The available heap, dump and column leaching phenomenological models are based on the mass balance of the reactants in the solid bed and particles, on specific kinetic models to describe the solid-liquid reactions, and in some cases, on the energy and the momentum balances. Here are mentioned only a few more relevant or recent papers, but an extensive literature survey can be found in de Andrade Lima (1992) .
A detailed phenomenological model to dump leaching process was first developed by Cathles and Apps (1975) and Cathles and Schlitt (1980) to describe the leaching of a copper sulfide waste; in this model the conservation of mass, energy and momentum equations applied to bed and solid particles were used. Next, and developed a model to the pyritic oxidation in overburden dumps using the conservation of mass to the bed and the solid particles. After, Ritchie (1991, 1992) and Pantelis et al. (2002) also studied the oxidation of sulphidic waste rock dumps taking into account a detailed conservation of energy and momentum equations in the bed. Dixon and Hendrix (1993) assuming solution plug flow through the bed, diffusion of the reagents into the particles of the ore, and a first order kinetic model described the gold heap cyanidation; this model was validated with column experimental results for a synthetic mineral association submitted to cyanidation. After, Sánchez-Chacón and Lapidus (1997) presented a similar approach to describe the gold heap cyanidation process using a more detailed kinetic model and changed a boundary condition from the original formulation. Recently, Petersen and Petrie (2000) applied Dixon's model to describe a ferrochromium slag deposits leachate potential; more recently, Petersen and Dixon (2002) extended the original Dixon's model adding heat conservation, gas flow, bacterial growth kinetics and complex reactions schemes that could describe the thermophilic copper sulfide bio-heap leaching.
On the other hand, a most comprehensive model, but also useful and rigorous to isothermal problems as the case of conventional acid leaching of oxidized copper ores and cyanidation of gold ores, was first introduced by Roman et al. (1974) . In this model, an algorithm is used to describe the liquid plug flow inside the heap and the shrinking core model under diffusive control is used to describe the ore/acid reaction. This heap model was originally evaluated using column experiments and, since then has been used to describe many industrial and pilot heaps and columns of oxidized copper ore acid leaching (Roman et al.,1999) . Later, Box and Prosser (1986) proposed a generalization of Roman's model by taking into account the simultaneous interactions of several mineral particles and reagent solutions, as well as the leaching products that eventually may be part of these reacting systems. In this case, the shrinking core model under diffusive control was used to describe many ore particles/leaching solution reactions, and the Roman's algorithm was used to describe the liquid plug flow in the ore bed. After, Prosser (1989) applied this model to describe both columns and industrial heaps in the case of gold ore/cyanide systems associated with other leached metals, obtained promising results.
The main objective of this paper is develop a comprehensive model to describe the isothermal heap and column leaching process that can be useful to routinely design studies, such as heap or column leaching and washing sequences, as well as, pregnant solution blend from heaps at different reaction stages. In this paper, some ideas from the models developed by Roman et al. (1974) and Box and Prosser (1983) were improved and others modified; for instance, here the solid-liquid kinetic equation is integrated analytically instead to the conventional numerical integration, the model parameters evaluation are performed directly from experimental data, and in the flow calculation, the particles bed is divided in planar element to conveniently describe the heap or column geometric shape instead to columnar elements. This paper is organized as follows. The first section presents the mathematical model to describe the heap or column leaching processes. The second section presents the sensitivity analysis of the model.
The third section presents the results of the simulation performed with the model for two case studies: an industrial gold heap leaching and a pilot column copper leaching; finally, the fourth section presents the conclusions.
THE MATHEMATICAL MODEL
The heap and column leaching process are a kind of trickle-bed reactor where the solid particles can react with both phases: air and dissolved leaching agent (de Andrade Lima, 1992) . The minimal requirement for a reliable mathematical description of this process has to take into account the fluid flow throughout the porous ore bed and the solid-liquid reaction that takes place in the ore particles, which are the main phenomena that happened in this process. As mentioned in the previous section, in this paper some ideas from the models developed by Roman et al. (1974) and Box and Prosser (1983) were used and modified; those models assume that the axial and radial dispersions of the liquid flow throughout the solid bed negligible, the solid/leaching agent reaction is controlled by diffusion of the reactant species through the solid particles, the average residence time of the solution inside the heap does not change with time or position, and the amount of leachable species, the size of the solid particles are homogeneous distributed in the heap, and the temperature is constant. In the present model these assumptions also hold; however, instead of dividing the solid particles bed in columnar elements to conveniently describe the heap or column geometric shape, planar elements are used; in addition, instead of using a numerical method to integrate the solid-liquid kinetic model, an analytical integration is used, which gives less dependence of the number of numerical elements used in the calculations and reduces the simulation time. Finally, instead of trying to evaluate the model parameters from first principles, which are unrealistic in the case of heterogeneous materials as ores and concentrates, here these parameters are estimated by fitting the model results to real data.
Liquid Flow Model
In the present model, the heap is represented as a regular solid, such as a parallelepiped or a cylinder, which are divided in nl layers of equal thickness; the pregnant and leach solutions that flow through the several layers of the heap are retained in each one for a duration of time equal to /nl. Since the average residence time of such solution, in each layer, is constant, the liquid hold-up of the heap is related with the operational and geometric heap or column characteristics as follows:
where HB is the heap porosity, HB is the heap saturation, is the average residence time of the solution in the bed of the heap, Q is the rate of irrigation in the heap, HB H is the average heap height or bed length, and HB S is the average heap top surface.
The solution flow in the bed is taken into account by using an algorithm, which progress for a threelayer heap is schematic summarized in Fig. 1a . In this algorithm, first the leaching solution enters on the top of the heap in the first layer (j=1), where it remains for an amount of time = /3. Later, the solution is transferred to the next layer (j=2) and stay there for the same time, and from this to the next layer until it reaches the last one (j=3). During the time that the liquid solution remains in each layer, the kinetic equation is solved for each chemical species (m) contained in each size-fraction (i) by taking into account the solid residual specie contents ( ) and its concentration in the solution (CA and CB). After that, the residual content of the species in the solid particles and in the solution is updated. The solution increments do not mix one to another (plug flow assumption), so the heap bed has in a given simulation time (t), residual solids of concentration (t,j) and increments of solution with concentration C(t,j) in different layers (j=1, 2, 3 ) with different reaction times (t=0, 1, 2, 3, 4). for a heap with three layers, where the simulation time (t) is set as a multiple of the average residence time of the solution in the bed ( ). b) Schematic representation of the solid-liquid reacting system showing the unreacted core composed by a reactive specie (B) and an inert matrix (S), the reacted shell composed only by an inert matrix, and the liquid reactant (A) and soluble product (BA) mass transfer processes.
Solid-Liquid Kinetic Model
Considering a spherical low porosity solid-liquid reaction system of radius R, see Fig. 1b , composed by a liquid reactant (A) that surrounds an inert and a reactant solid (B) reacting following the kinetic equation: r A = lc A/B r B = lc A/B k S C A C Bo , where r is the reaction rate, k is the rate constant, C is the concentration and lc is the individual reactive consumption factor; when the diffusion process is slow compared with the reaction and the density variation of the solid particle is negligible, the solid reactant recovery ( ) can be approximately described by the following ordinary differential equation, instead of a system of partial differential equations (Froment and Bischoff, 1990) :
with the initial condition: t = 0 B = 0
The three terms in the denominator of this Eq. 2 represent respectively the rate control by diffusion, by chemical reaction, and by mass transfer through the liquid boundary diffusion layer. In many heap leaching operations, the large size of the particles and their relatively low porosity cause a predominance of the diffusive control, thus this equation, for multi-species, multi-layer and multisize leaching system can be simplified to:
where, tjim is the recovery of the chemical specie m in the size fraction i of layer j in time t, and K tjim is the kinetic parameter, function of time, given as:
where, CA tj is the concentration of the leaching agent in the solution that enters in layer j at time t, D A is the apparent diffusivity of the leaching agent in the solid particles, R i is the average radius of the solid particles of the size fraction i, and lc T is the leaching agent consumption factor, which, after Box and Prosser (1986) and Prosser (1989) , for multispecies system can be estimated from the individual leaching consumption factors (lc m ) as follows:
where, is the solid particle density, m is the average initial concentration of the specie m in the solid, and m is the maximal recovery by leaching of the specie m in the solid; alternatively, the individual leaching consumption factors can be estimated from the leaching consumption factor as follows:
where W m is the atomic or molecular weight of the leachable specie m and F m is the dissolution stoichiometric factor for the specie m. Equation 3 can be analytically integrated to give the individual specie recoveries ( tjim ) from the size particles i, localized at layer j, at time t· (corresponds to the solution residence time in each heap layer), when the values of the species recovery at the previous time ( t-1jim ), the leaching concentration from previous layer (CA tj-1 ) and the individual concentrations of the species in the bed ( mj ) are known; the resulting equation is given by: Some physical constraints can inhibit the diffusion of the leaching solution through the solid particles and prevent the complete dissolution of the solid reactant; as a result, a passivation factor ( ), experimentally determined, must be used to take into account this effect:
The global recovery in each layer ( L tjm ) at each time increment can be calculated by using the particle size distribution (f i ), assumed homogeneously distributed in each one of the nl layers, considering that there are no variations in the particle chemical content at the time increment that Eq. 7 is solved:
Assuming that each of the nl layers of the heap has the same weight, the global recoveries of each chemical species, at each time increment ( tm ), are given by:
The residual content of each specie in each layer of the heap ( r tjm ) can be calculated at time t, using the initial concentration of the specie m, located in layer j ( ojm ) and the global recovery in each layer ( L tjm ) as follows:
The leaching agent and the metal species concentration in the solution that leave the layer j are calculated using the mass balance of the species in the layers and the bed hold-up given by Eq.1, as follows: 
where CA tj and CA tj+1 are the concentrations of the leaching agent in the solution that enters and leaves layer j at time t, CB tjm and CB tj+1m are the concentrations of the metal m in the solution that enters and leaves layer j at time t, L tjm , and L t-1jm is the recovery of the metal m in layer j at the present time and at the previous time, M HB is the heap weight, HB H is the average heap height, and HB S is the average heap top surface. In partial summary, the proposed mathematical model to the heap and column leaching process uses a diffusive control model to describe the solid-fluid reaction and the plug flow assumption to describe the solution flow in the particles bed. It considers that the leaching solution enters on the top of the heap in the first layer, where it remains for a duration of time equal to the average residence time in the bed divided by the number of layers, which are the same to all other layers. Later, the solution is transferred to the next layer and from this to the next until it reaches the last one. During the amount of time that the liquid solution remains in each layer Eq. 7 is solved for each chemical species contained in each size-fraction, by taking into account the residual specie contents and the composition of the solution. After that, Eqs. 9 to 14 are used to update the residual content of the chemical species in the solid particles and in the solution; the algorithm details, the main elements of the simulation code, and an analyzis of the performance and the results for the cases studies presented by Box and Prosser (1983) , for which the present algorithm gives similar results and shorter simulation times, can be found in de Andrade Lima (1992).
SENSITIVITY ANALYSIS OF THE MODEL
For the sake of conciseness, in this paper only the analysis of the effects of the main variables in the performance of the model are presented; however, for a detailed sensitivity analysis of this model the reader is reported to de Andrade Lima (1992) . Table 1 presents the gold heap leaching simulation variables to seven cases that will be analyzed in this section; these variables are the leaching agent apparent diffusivity (D AL ), the solid particles density ( ), the leaching agent consumption factor (lc T ), the solid metal content ( M ), the passivation factor for the metal ( M ), the solid bed length ( HB H ), the solid bed weight (M HB ), the solid bed irrigated surface ( HB S ), the average residence time of the solution in the bed ( ), the concentration of the leaching agent (C LA ), the leaching agent ), the average particles size ( R ), and the number of layers (nl). The first column of Table 1 shows the reference case used for comparison with the other cases; in columns 2 and 3 the number of heap subdivisions are changed from 20, in the reference case, to respectively 5 and 50; in columns 4 and 5 the apparent diffusivity of leaching agent is changed from 0.010 mm 2 /h, in the reference case, to respectively 0.005 and 0.020 mm 2 /h; in columns 6 and 7 the average residence time of the solution in the heap is changed from 7.5 days, in the reference case, to respectively 5 and 10 days.
The calculated results for the time evolution of metal recovery and metal concentration in the solution are summarized in Figs. 2 and 3 . One remarks in Fig.2a and 3a that the number of layers does not substantially affect the calculated results for metal recovery neither the metal concentration in solution after a critical value. In addition, one remarks in Fig. 2b and 3b that the average residence time of the solution in the heap impacts strongly the calculated results for metal recovery and metal concentration in solution and also the metal concentration in the first fractions of the pregnant leach solution recovered. Finally, one notes in Fig.  2c and 3c that the apparent diffusivity of leaching agent strongly impacts the calculated results for metal recovery and the solution metal content. Since the apparent diffusivity of the leaching agent and the average residence time of the solution in the heap affect substantially the simulations results and due the fact that in industrial operations, as these presented in cases studies 1 and 2 in the next section, these parameters are not well known they were chosen in this work as estimated parameters of the model. These parameters may eventually be correlated with process variables using reliable empirical correlations, as attempted by Box and Yusuf (1984) , but this beyond the scope of the present work. 
SIMULATION RESULTS
As mentioned in previous section, the apparent diffusivity of the leaching agent in the solid particles and the solution average residence time in the solid bed are used to calibrate the proposed model. In this nonlinear fit, a conventional optimization method without derivatives is used together with the follows last-square objective function (J), that takes into account the adjust of both simulated variables, the recovery, and the concentration of the chemical specie m, and the number of layers used in the numerical simulation: 
where, CB tm is the simulated concentration of chemical specie m in the pregnant solution at time t, H tm is the simulated global recovery of the chemical specie m at time t, and nl is the number of layers used in the numerical simulation; the superscript (*) stands for experimental values.
In the next sub sections, two case studies are presented; the first one is a gold ore heap leaching and the second one is an oxidized copper ore pilot column leaching; for more details about the chemical and engineering aspects of these processes the reader is referred to Habashi (1997) .
Case 1 -Gold Ore Heap Cyanidation
This first case uses experimental data from the industrial gold heap cyanidation number 42 operated by Rio Salitre Mining (Companhia Bahiana de Pesquisa Mineral); this heap used the oxidized layer of a gold ore with negligible concentrations of "cyanicides" or "preg-robbers" species (de Andrade Lima, 1992) . Table 2 summarizes the values for the variables used in the simulation; note that no detailed data were available in this case to particles size distribution, bed length and irrigated area of the heap; consequently, the nominal values were assumed as truth. The calibration parameters of the model, namely the apparent diffusivity of the leaching agent and the average residence time of the solution in the heap, are also shown in Table 2 .
The simulated and experimental results are presented in Fig. 4a and 4b . The simulated results reproduce the general experimental result features, such as the concentration asymptotic exponential decay, after a sharp point, and the correspondent asymptotic exponential increasing recovery; however, there are some biases that may be credited to the kinetic model simplification and specially the assumption of solution flow without dispersion. In Fig. 4a the bias A corresponds to the rapid drainage of the pregnant solution, and the bias B likely is due to the neglecting the size distribution of the ore particles. In Fig. 4b the bias C, the spread in the peak concentration of the gold, is caused by the dispersions of the solution flowing through the heap, and the bias D is due to the recycling of the leach solution, after recovery the gold by activated carbon columns, with a residual gold concentration in the order of 0.5 to 1 parts per million. 
Case 2 -Oxidized Copper Ore Column Acid Leaching
This second case uses experimental data from the oxidized copper ore acid leaching large pilot column number 1 operated by Gaspé Mining Division (Noranda Mines and Exploration Inc); this column used a oxidized copper ore which characterization showed that 96% of the copper is malachite, 3% is chrysocolla and 1% is chalcopyrite, 23.7% of the ore is carbonated material, 65% are silicates, and 11.3% are sulfides (Comeau, 1996) . The original experimental results of copper recovery from liquid and solid presented an important bias that restricted a reliable evaluation of the model, so the experimental data set was firstly reconciled using the classical Lagrange multipliers method (Narasimhan and Jordache, 2000) . Table 3a summarizes the variables used in the simulation; note that the maximum copper recovery is the nominal value that is assumed as truth; Table 3b presents the particle size distribution for each size fraction of the ore in the column. The two calibration parameters of the model, namely the apparent diffusivity of the leaching agent and the average residence time of the solution in the column, are also shown in Table 3a .
As in the previous case, the results presented in Figs. 5a and 5b, show that the model represents well the main features of the experimental results, such as the two concentration regimes, a plateau, due to high leaching agent consumption, followed by an asymptotic exponential decay, and the equivalent two recovery regimes, a linear increasing followed by a asymptotic exponential increasing; however, it also presents biases equivalent to those found in case 1. In Fig. 5a the bias A correspond to the rapid drainage of the pregnant caused by channeling and axial dispersions of the solution flowing through the column; in Fig. 5b the bias B, the slope in the peak concentration of the copper, is caused by the dispersions of the solution flowing through the column, and the bias C is due to the recycling of the leach solution, after recovery the copper by solvent extraction, with a residual copper amount. 
CONCLUSIONS
Isothermal heap and column leaching processes are mathematically described by using a comprehensive model that takes into account the solution flow in the solid bed, assumed as unidirectional without dispersion, and the solid-fluid reaction, assumed as under diffusive control. The solid bed is than numerically divided into plane layers and the recovery of the chemical species, and the enrichment of the pregnant leach solution are calculated from interactions among these layers.
The sensitivity analysis of the model show that the apparent diffusivity of the leaching agent in the solid particles and the average solution residence time in the solid bed are parameters that strongly impact the simulation results; these parameters are used to calibrate the model. Despite some biases due to the model simplification, the simulations of an industrial gold heap leaching and a pilot column copper acid leaching showed that the model can successful predict the general features of the process time evolution and can be used to general design studies.
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